In this paper, we consider p-adic limits of β −n g|U n p 2 for half-integral weight weakly holomorphic Hecke eigenforms g with eigenvalue λ p = β + β under T p 2 and prove that these equal classical Hecke eigenforms of the same weight. This result parallels the integral weight case, but requires a much more careful investigation due to a more complicated structure of half-integral weight weakly holomorphic Hecke eigenforms.
Introduction and statement of the results
In this paper, we establish a p-adic relation between half-integral weight weakly holomorphic modular forms and classical half-integral weight holomorphic modular forms. Roughly speaking, we show that the p 2n mth coefficient of a weakly holomorphic Hecke eigenform with algebraic coefficients is congruent to the mth coefficient of a holomorphic Hecke eigenform modulo a high power of p. A similar relation for integral weight modular forms was recently proven in [11] and was later shown by the authors [3] to be related to the occurrence of a p-adic modular form. The similarity between the integral and halfintegral weight cases is far from being obvious. The p-adic relations proven in [11] rely heavily on the construction of integral weight weakly holomorphic Hecke eigenforms. The construction of half-integral weight weakly holomorphic Hecke eigenforms is much more delicate. The fact that the resulting p-adic relations parallel those in the integral weight case strongly supports the definition of half-integral weight weakly holomorphic Hecke eigenforms found in [4] .
In order to define weakly holomorphic Hecke eigenforms, we first require some notation. Throughout, κ denotes an even integer or a half-integer. If κ is an even integer, we let M ! κ be the infinite-dimensional space of weight κ weakly holomorphic modular forms on SL 2 (Z), i.e., meromorphic modular forms whose only possible poles lie at the cusps. Similarly, if κ is a half-integer, we write M ! κ for the space of weakly holomorphic modular forms of weight κ on 0 (4) which lie in Kohnen's plus space [12] . After subtracting a constant multiple of the Eisenstein series, one obtains an element of the space S ! κ (S ! κ if κ is half-integral) of weakly holomorphic cusp forms, i.e., those weakly holomorphic modular forms with vanishing constant coefficient. We denote the subspaces of holomorphic cusp forms by S κ ⊂ S ! κ (resp. S κ ⊂ S ! κ ). There is a natural action on each of the above spaces by the Hecke operators T p ν , where p is a prime and ν = 1 (resp. ν = 2 and p > 2) if the weight is integral (resp. halfintegral). However, the naive definition of a Hecke eigenform fails in general for weakly holomorphic modular forms since the orders of the poles at cusps increase when applying T p ν . To remedy this problem in integral weight, Hecke eigenforms in a natural quotient space were instead considered in [10] . We call a weakly holomorphic cusp form f of weight κ a weakly holomorphic Hecke eigenform if for each prime p there exists λ p ∈ C such that
Here, for κ ∈ N, the Hecke-stable subspaces J κ ⊂ S ! κ are defined by
where
One obviously cannot define J κ in a similar way for κ half-integral. However, the authors [4] found an appropriate definition of J κ ⊆ S ! κ which makes use of so-called Zagier lifts [8, 15] , whose main properties where discovered by Duke and Jenkins [8] .
The subspaces J κ in the integral and half-integral weight cases both parallel each other and yet also exhibit a very different behavior. Recall that by the classical multiplicity one theorems, there are one-dimensional Hecke eigenspaces F κ,j and F k+1/2,j for which
The quotient spaces S ! 2k /J 2k and S ! k+1/2 /J k+1/2 also decompose into Hecke eigenspaces
In both cases, classical cuspidal Hecke eigenforms are also weakly holomorphic Hecke eigenforms, and the eigenvalues associated to the eigenspaces E 2k,j , E k+1/2,j , F 2k,j , and
However, there is a substantial difference between half-integral and integral weight: while all of the eigenspaces E 2k,j are two-dimensional, the eigenspaces E k+1/2,j are infinitedimensional [4] .
In order to state our main theorem, we need some notation. We take p-adic limits using the framework considered in [11] , which is recalled in Section 2. In particular, we take limits of formal Laurent series with coefficients in the p-adic completion Q p of an algebraic closure of Q p . Our main result p-adically links each weakly holomorphic Hecke eigenform g with the corresponding holomorphic Hecke eigenform f with the same Hecke eigenvalues as g via repeated iteration of the operator U p . To describe the connection more precisely, for each such f we build a closely related form f , using the operator V p and twists by the character χ p,k (n) :=
. We write the Hecke eigenvalue λ p under T p ν as λ p = β + β , where β and β are the roots of the Hecke polynomial
We then define
This paper is devoted to the proof of the half-integral weight case of the following theorem. 
Then there exists α ∈ Q p such that (as a p-adic limit)
where f is a weight κ cuspidal Hecke eigenform with algebraic coefficients and the same Hecke eigenvalues as g.
Remarks.
(1) For every half-integral weight (cuspidal) Hecke eigenform f ∈ S κ , there exists (a non-cuspidal) g ∈ S ! κ with algebraic coefficients and the same Hecke eigenvalues as f , see Lemma 2.3 (1). (2) Note that the assumption κ > 6 in the theorem is not a real restriction, since otherwise there exist no cusp forms. (3) As pointed out by the referee, in the absence of holomorphic cusp forms (k < 6), an obvious modification of the theorem (with f = 0 and arbitrary λ p ) remains true for k ≥ 2. This follows from (3.4) and was essentially proven by Duke and Jenkins [8] .
In the case of integral weight, Theorem 1.1 is a special case of results proven in [11] . Our proof however differs substantially from that given in the case of integral weight. In particular, the more complicated structure of half-integral weight weakly holomorphic Hecke eigenforms requires a careful analysis where condition (1.3) becomes crucial, while the argument in integral weight is more straightforward and no analogue of condition (1.3) is needed. We do not know examples for which (1.3) does not hold true. In particular, if the famous Lehmer conjecture [14] is true, then (1.3) holds for every prime p in the case k = 6. This fact along with the surprisingly important role that the condition (1.3) plays in our proof allows us to suggest that (1.3) should not merely be considered a technical condition, but is quite interesting and, possibly, deep on its own. Furthermore, as pointed out to the authors by Kevin Buzzard, it follows from [2] (and computer calculations in [9] ) that a typically much stronger inequality ord p (β) < 2k−2 p−1 is true for all primes 2 < p < 100 other than possibly p = 59 and p = 79. We hence dare to state (1.3) as a conjecture. 
We finally illustrate the congruences in Theorem 1.1 with a numerical example.
Example. The one-dimensional space S 13/2 is generated by the function (q := e 2πiτ with τ ∈ H throughout)
where E k is the weight k normalized Eisenstein series, θ(τ ) := n∈Z q n 2 , and C 5/2 is the weight 5/2 Cohen-Eisenstein series [6] . In order to p-adically investigate δ, we use a computer to extend the large table of the q-expansion coefficients of δ given in [13] .
We let := E 3 4 − E 2 6 /1728, and consider the weakly holomorphic cusp form g ∈ S ! 13/2 defined by illustrates Theorem 1.1.
The paper is organized as follows. In Section 2, we introduce the p-adic framework upon which we consider formal Laurent series. After that, we briefly recall some results from [4, 8] about weakly holomorphic Hecke eigenforms reformatted in a manner convenient for our use. We then prove Theorem 1.1 in Section 3.
Preliminaries

Formal Laurent series and p-adic numbers
In order to give the necessary formal structure to define all of the notation used in Theorem 1.1, we require a p-adic framework upon which we may state congruences of formal Laurent series. Let p > 2 be a prime and fix an algebraic closure Q p of Q p along with an embedding ι : Q → Q p . We let Q p denote the p-adic completion of Q p and normalize the p-adic order so that ord p (p)
We further require the standard operators U p , V p , and χ p,k from the theory of modular forms, whose actions on formal Laurent series are given by
The half-integral weight Hecke operator is then defined by
Here and throughout we use the convention U p 2 = U 2 p and V p 2 = V 2 p . The Hecke operators for higher powers of p satisfy the recursive relation
Noting that the Hecke operators are multiplicative, the following lemma follows immediately.
Lemma 2.1. If M, n ∈ N and F and G are two formal Laurent series with algebraic coefficients satisfying
The operators U p , V p , χ p,k , and T p 2 furthermore map modular forms to modular forms (of possibly different level), although we do not require this in the paper. Having defined the Hecke operators, the notion of half-integral weight weakly holomorphic Hecke eigenforms is then given by (1.1), where J k+1/2 is defined in the next section.
Weakly holomorphic Hecke eigenforms
In this section, we define the subspace J k+1/2 ⊂ S k+1/2 using Zagier lifts. These lifts were introduced by Duke and Jenkins in [8] , and further (independently) studied by Alfes [1] and the authors [4] in the framework of harmonic weak Maass forms. We recall some properties of the lifts which both guarantee that our definition of weakly holomorphic Hecke eigenforms (1.1) makes sense and also play an important role in our proof of Theorem 1.1 in the next section.
Recall that the space S ! k+1/2 consists of those weakly holomorphic cusp forms f whose Fourier expansions satisfy 
where μ is the Möbius function. [8] , are very interesting since they can be interpreted as traces of a certain function [8] , and, simultaneously, as certain cycle integrals [4] whose connection with weak Maass forms was extensively studied by Duke, Imamoglu, and Tóth in [7] . However, we do not need and do not discuss these facts in this paper.
Remark. The quantities t f (d, D), denoted by Tr
We collect useful (known) properties of the Zagier lifts in Theorem 2.2 below. In addition to their application in our proof of Theorem 1.1, these properties illustrate the parallelism between J 2k = D k−1 S ! 2−2k and, following [4] ,
(1) The space J k+1/2 is stable under the action of the Hecke algebra. By Theorem 2.2 (2), F ∈ J k+1/2 is entirely determined by its principal part P F (q) := n<0 a(n)q n . Noting that R F := F − P F is bounded towards i∞, we obtain a natural decomposition
(2.5) Theorem 2.2 (2) also immediately implies that every holomorphic Hecke eigenform is a weakly holomorphic Hecke eigenform. Furthermore, Theorem 2.2 (1) allows one to define the action of Hecke operators on the quotient space S k+1/2 /J k+1/2 , and therefore to justify the definition (1.1) of weakly holomorphic Hecke eigenforms for half-integral weight.
Theorem 2.2 (3) explains the decomposition (1.2) in the half-integral weight case, while the integral weight decomposition follows by Theorem 1 of [10] and its refinement, Theorem 1.2 of [5] . However, since we are interested in p-adic analysis, we require a slightly stronger splitting where we may take the representatives with algebraic coefficients. A standard linear algebra argument which is well-known to experts implies the following lemma. We provide a detailed proof for the reader's convenience.
Lemma 2.3.
(1) Every space E k+1/2,j in decomposition (1.2) has a basis consisting of (infinitely many) cosets whose representatives are weakly holomorphic Hecke eigenforms with algebraic Fourier coefficients.
k+1/2 has algebraic coefficients, then, for each 1 ≤ j ≤ t, there exists a representative of its projection into E k+1/2,j with algebraic coefficients.
Remark. The (totally real) algebraic number field in (1) is generated over Q by all of the eigenvalues of weight 2k cusp forms and hence only depends on k ≥ 6.
Proof. with m < N. Comparing the coefficient in front of q m , we see immediately that any g = m<N a m f k+1/2,m ∈ S ! k+1/2 has algebraic coefficients if and only if each a m is algebraic. Thus it is enough to show part (2) for each f k+1/2,m . In particular we may assume that g has rational coefficients. We next decompose g as g = t j=1 g j with g j ∈ E k+1/2,j . Note that g j is only uniquely determined up to an element of J k+1/2 .
Since the eigenvalues of weakly holomorphic modular forms are the same as those of classical cusp forms by Theorem 2.2 (3), an element of S ! k+1/2 is a Hecke eigenform if and only if it is an eigenfunction for finitely many Hecke operators T n 1 , . . . , T n d . For each 1 ≤ j ≤ t and 1 ≤ r ≤ d, we denote the eigenvalues corresponding to E k+1/2,j under T n r by α n r ,j . We now fix 1 ≤ j 0 ≤ t and project g into E k+1/2,j 0 . Since J k+1/2 is Hecke-stable, one inductively concludes that there exists R j 0 ∈ J k+1/2 such that
where α n,j denotes the eigenvalue of g j under T n 2 j . If j = j 0 , then multiplicity one implies that α n r , = α n r ,j 0 for some r and hence the constant in front of g j in (2.7) is zero. Therefore the sum in (2.7) reduces to j = j 0 and, by Theorem 2.2 (1), we obtain
with
Since g has rational coefficients and rationality is preserved by the Hecke operators, the first term on the right-hand side of (2.8) is in the number field generated by all of the eigenvalues of the Hecke operators. At the same time, it is in the same coset as g j 0 , completing the proof, since R j 0 , and thus the second summand in (2.8), is in J k+1/2 .
Proof of Theorem 1.1
In this section, we prove Theorem 1.1 for half-integral weight.
Congruences relating U p 2 and T p 2
The following lemma allows us to p-adically relate the iterated action of U p 2 and T p 2 . Proof. We use definition (2.1) and expand
Denoting by a, b, and c the total powers of U p 2 , χ p,k , and V p 2 , respectively in a single term, we have a + b + c = n. We claim that every individual term satisfies the required congruence. We first note that
since acting by χ p,k annihilates coefficients that are divisible by p. Furthermore, V p 2 U p 2 is the identity. Proceeding by induction on the number of different adjacent operators, we conclude that all non-vanishing terms are of the form
where r denotes the number of times that V p 2 U p 2 is replaced with the identity. Since r ≤ min(a, c), the p-adic order of each term is, by (3.1), at least
as claimed.
The action of U p 2
Our next proposition demonstrates an important similarity between J 2k and J k+1/2 : elements of both spaces are p-adically annihilated by repeated application of U p 2 . 
By comparing principal parts on both sides using (2.2), we furthermore conclude that γ ν,j ∈ Q. It thus suffices to prove the required congruence for every individual term of the sum. Since repeated application of U p 2 eliminates their (finite) principal parts, we may ignore these principal parts by choosing M large. Furthermore, integrality of γ ν,j may be assumed by choosing an appropriate M. By the decomposition (2.5), it suffices to show that for every f with integer coefficients and a fundamental discriminant D
We remark that Duke and Jenkins essentially proved (3.4) while showing integrality of R Z D (f ) in Theorem 1 of [8] . To finish the proof of (3.3), note that by Theorem 2.2 (4), R Z D (f ) has integer coefficients given by (2.2) and thus the congruence follows, since in (2.3) ab is a divisor of m and m is divisible by p n .
We next prove that the p-adic limit in Theorem 1.1 exists.
Proposition 3.3. Let g ∈ S !
k+1/2 be a Hecke eigenform with algebraic Fourier coefficients. If ord p (β) < k − 1, then the p-adic limit lim n→∞ β −n g|U n p 2 exists.
Proof. If g ∈ S ! k+1/2 is a Hecke eigenform with eigenvalue λ p = β + β under T p 2 , then, by (1.1) and (2.1), there exists r ∈ J k+1/2 with algebraic coefficients such that
Equation (3.2) together with the fact that V p 2 U p 2 is the identity and ββ = p 2k−1 imply that g β U p 2 = β g β + r and g β U p 2 = βg β + r. From the assumption that ord p (β) < k −1, this however follows by Proposition 3.2.
We next prove a special case of Theorem 1.1 for g = f ∈ S k+1/2 . In this case the condition ord p (β) < k − 1 can be relaxed to ord p (β) < k − 1/2 (equivalently, ord p (β) < ord p (β )). 
The action of T p 2
We next consider repeated action of the Hecke operators T p 2 on S ! k+1/2 . Proof. We decompose g as in (2.5). Since repeated action of U p 2 eliminates P g , Lemma 3.1 implies the existence of an integer L such that
Since the basis elements (2.6) have integral coefficients, a linear combination which has the same principal part as P g |T p 2 vanishes modulo p (k−1)( −L) . Subtracting this linear
